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ABSTRACT

If A and B are closed nonempty sets in a locally convex space, the straight line
path from A to B is defined by the formula ¢(a)=cl(aA +(1-a)B),
0= a =1.1f A and B are convex, then continuity of the path with respect to the
Hausdorff uniform topology is necessary for both connectedness and path
connectedness of A to B within the convex sets so topologized. We also
produce internal necessary and sufficient conditions for continuity of the path
between pairs of convex sets.

Let X be a normed linear space with closed unit ball U,, and let C(X) denote
the collection of nonempty closed convex subsets of X. Hausdorff distance is
defined on C(X) by means of the familiar formula

H(A,B)=inf{e :A+eU,DB and B+eU,D A}

Hausdorff distance so defined determines an infinite valued metric on C(X). If X
is now a locally convex topological vector space, there is a natural way to
generalize this topology to C(X) in this broader context. Notice that the natural
uniformity for H in the normed case has as a base for its entourages all sets of
the form

1

{(A,B):A +1u,5B and B+%UODA}.

With this in mind, we define the Hausdorff uniform topology 7 on C(X) in the
more general setting to be the topology determined by the uniformity on C(X)
with a base whose typical entourage is of the form

Qv={(A,B):A+ VDB and B+VDA}
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where V runs over a given local base for the topology of X at the origin 6. Of
course, the topology does not depend on the choice of the local base. In the
sequel, we denote the base consisting of the balanced open convex neighbor-
hoods of 8 by . A basic reference for the Hausdorff uniform topology is [1],
where the important theorem of Hormander [6] and its consequences are
presented: the closed and bounded convex subsets of a Hausdorff locally convex
space so topologized can be imbedded as a cone in a locally convex space, where
scalar multiplication is defined in the usual way, and addition is the closure of the
usual Minkowski sum (the Minkowski sum of closed convex sets need not be
closed).

It is, of course, possible to take convex combinations of the elements of a
cone, and in this way, we can speak of convex combinations of closed convex
sets. In particular, we can speak of the line segment joining a pair of closed
convex sets. One of the richest parts of convexity theory in Euclidean space
involves the volumes of such combinations and the related concept of mixed
volumes (cf. [4] and [11]). Perhaps the main result here is the Briinn-Minkowski
inequality: if A and B are compact convex sets in n-dimensional Euclidean
space and p denotes n-dimensional Lebesgue measure, then foreach0=a =1,

[n(eA +(1-a)B)]" Z a[u(A)]" + (1= a)[u(B)]"™

Put more simply, a — [ (@A + (1 —a)B)]"" is a concave function of a.

We return again to the setting of a locally convex topological vector space X.
In this note we consider the continuity of the straight line path between two
elements A and B of C(X), defined by

¢(a)=cl(aA +(1—a)B), O=a=1,

where C(X) is equipped with the above topology. That ¢ need not be
continuous even when X = R is obvious: if A =R and B ={0}, then

{00 ifa=0
o]

R otherwise

is not continuous at the origin. From this example, one might guess that
problems can only occur at @ =0 and a = 1, but this is not the case. In the plane,
if A={(x,y):y=x" and B ={(0,0)}, then

{ {(x,y):y=x%a} if a#0,
a)=

{©,0)} if a=0.
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Now if B# B’, the Hausdorff distance between the parabolas y = Bx* and
y = B'x?* with respect to the usual norm on R? is infinite; so, ¢ is everywhere
discontinuous.

A priori, we might expect that if the straight line path from A to B fails to be
continuous, we might still be able to find a different continuous path from A to B
in (C(X), Tu'). We show that this can never happen, although it certainly can if A
and B are not assumed convex.

Exampie. In R? with the usual norm, let
A ={x, y):either x =0or y =0}
and

B=A+U,={(x,y):either|x|=1or|y|=1}.

Although neither set is convex, both are starshaped [12] with respect to the
origin, i.e., (0,0) sees each point of A (resp. B) via A (resp. B). Clearly,

(l/(a) =A+ an

is a continuous path from A to B in the closed subsets of the plane with the
Hausdorff metric. However, the straight line path ¢ is not, because f 0 < a <1
we have

ple)=aA+(1-a)A+(1-a)UyDaA+(1-a)A=A+A=R"

Path connectedness (in fact, connectedness) in the hyperspace of convex sets
turns out to be characterized by a boundedness condition.

THEOREM 1. Let X be locally convex space, and let s be a local base at the
origin of open balanced convex sets. Then for each pair of closed convex sets in
C(X), the following are equivalent:

(i) Foreach V € A, there existsn € Z* withboth A + nV DO Band B+nV D

A;

(1) The map ¢ :[0,1]1—>(C(X), 1) defined by ¢(a)=cl(cA +(1—a)B) is

continuous;

(iii) The map ¢ :[0,1]—>(C(X), 1) defined by ¢(a)=cl(aA +(1—-a)B) is

continuous at « =0 and a = 1;
(iv) A and B are path connected in (C(X), 1u);
(v) A and B are connected in (C(X), tu).

PrROOF. (i)—(ii). Let WE o be arbitrary. We produce & >0 such that
whenever |a —a’|< 8, then (¢(a), d(a'))EQw. Choose VE H for which
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V+ VCW, and choose n € Z* for which both A+nV DB and B+nV D A.
Since V is balanced, for each ¢ €(0,1/n] we have eA + VD e¢B and eB+ VD
eA. Suppose 0<|a —a'|<1/n. First, if @ > a’, we have

aA+(1-a)B+WDa'A+(a—a)A+V+(1—-a)B+V
Da’'A+(a—a')B+(1—a)B+V
=a’'A+(1-a)B+V
Dcl(a'A+(1-a')B).

Otherwise, a < a' and

aA+(l—-a) B+WDaA+(1—-a')B+(a'—a)B+V+V
DaA+(1-a"B+(a'—a)A+V
Dcl(a’A +(1-a)B).

Thus in either case, ¢(a)+ W D ¢(a’), and interchanging a and a’, we have
d(a')+ WD ¢(a), and (ii) follows.

(ii))— (iii). Trivial.

(iii)— (i). Let V € o. We claim that continuity of ¢ at 1 forces A +nV to
contain B for some n, and continuity of ¢ at 0 forces B + nV to contain A for
some n. We establish only the first statement; the proof of the second is identical.
Since ¢ is continuous at a = 1, there exists £ >0 for which ¢(1)+ VD (1 —¢),
ie., A+ VDO (1-¢)A + &B. Suppose the inclusion A + (2/¢)V D B fails. In this
event, choose b € B\(A +(2/¢)V). Since A +(2/e)V contains the closure of
A+(1/e)V (see, e.g., p. 40 of [5]), we can strongly separate b from
cl(A +(1/g)V), there exists f € X* with

£(b)> sup {f(z): ZEA +%V}
=sup{f(a): a EA}+% sup{f(v): v E V}.

Denote the excess of f(b) over this supremum by A. Choose & >0 satisfying
(1—€)8<eA, and select ao€ A with f(a,)>sup{f(a):a € A}—8. Then
(1—€)ap+ebe(1—¢€)A +¢B, and

f((1—¢)ao+ eb)=(1—€)f(ao)+ eA + e sup{f(a):a € A} +sup{f(v):v € V}
>(1-¢)sup{f(a):a€ A}—8)+¢€A
+esup{f(a):a € A} +sup{f(v):v € V}
>sup{f(z):z€A+ V}.

As a result, (1—¢)ao+eb fails to lie in A + V, contradicting ¢(1)+ VD
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¢(1—¢). We conclude that A +(2/¢)V D B, and since V is balanced, A + nV D
B for each n >2/e.

(ii)— (iv). Trivial.

(iv)— (v). Trivial.

(v)— (i). Suppose (i) fails for some V € 4. Using the fact that V+nV =
(n +1)V for each positive integer n, it is a routine matter to show that

{CEC(X):A+nVDC and C+nVDA forsome n€Z’}

is both open and closed in (C(X), 74). We conclude that A and B are not
connected in the hyperspace.

A number of remarks are in order. First, the full strength of continuity of ¢ at
a =0 and a =1 was not used in the proof of (iii)— (i), only the so-called
Hausdorff upper semicontinuity of ¢, a property that has proved important in the
approximation of multifunctions (see, e.g., [2] or [3]). Evidently, even without
the convexity of A and B, the map ¢, viewed as a multifunction, is lower
semicontinuous in the sense of Kuratowski (see, e.g., [7] or [8]), i.e., whenever W
is open in X, then {a : ¢(a) N W# D} is open in [0, 1]. Also, the necessity of (i)
for connectedness of A and B does not depend on the convexity of A and B.
Most importantly, when X is a normed linear space, condition (i) simply says
that the Hausdorff distance from A to B is finite.

As one might expect, the straight line function for nonconvex closed sets
remains continuous provided both sets are bounded in the locally convex space.
This is established by the technique of proof of (i)— (ii), in conjunction with the
following lemma.

LeEMMA. Let A be a bounded set in a locally convex space X, and let W € A.
Then there exists € >0 such that whenever a and a' are positive numbers with
a—¢g<a'<a, we have cA+W D a’A +(a —a')A.

Proor. Choose VE A with V+ VCW. Since A is bounded and V is
balanced, there exists £ >0 such that if 0=|A | <¢, then AA C V. Suppose a’
and a are as in the statement of the lemma, and x Ea'A and y € (e — a')A are
arbitrary. Choose a € A with x = a'a. We have

x+y=aat+(a'—a)a+tyEaA+V+VCaA+W.

Now if A is a closed and bounded set and B is a closed set satisfying condition
(i) of Theorem 1 with respect to A, then B must also be bounded. Combining the
above facts, we have the following theorem.
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THEOREM 2. Let X be a locally convex space. Then the closed, bounded
convex sets form both a component and a path component of {C(X), 1u),, and the
closed and bounded sets form both a component and a path component of the space
of all nonempty closed subsets of X topologized by 4.

It would be useful to present an even more explicit condition equivalent to
condition (i). An important necessary condition for closed convex sets A and B
to satisfy (i) is that they have the same directions of recession.

DEFINITION. A vector z in a linear space X is called a direction of recession
for a given convex set A if for each a € A, a + z is again in A.

A vector z will be a direction of recession for a closed convex set A if and only
if for some a, € A, {ap+ Az : A =0} CA. It is well known that the set of such
directions z forms a closed convex cone, which we denote by 0"(A), because
0°(A)= N{AA : A >0} whenever the origin lies in A [10].

THEOREM 3. Let A and B be closed convex subsets of a locally convex space X
which are path connected in (C(X), 14). Then 0°(A)=0"(B).

ProoE. Since translation is continuous in (C(X), 74} and recession cones are
not altered by translations, we may assume that both A and B contain the origin
6. Suppose a is a nonzero direction of recession for A, i.e., {Aa: A Z0}CA. It
suffices to show that for each A >0, the point Aa lies in B. Let V€ .o be
arbitrary, and choose n € Z* with B + nV D A. Since (nA)a € A, there exists
v €V and b € B with (nA)a = b + nv. Since B is convex and contains 8, we
have Aa =(1/n)b+ v EB +V, so that BN (Aa + V)#Q. Thus, Aa €cl(B)=
B.

Another fundamental topology on the closed subsets of a space is the finite or
Vietoris topology 7, which has as subbasic open sets all sets of the form

V™ ={F:F is closed and F N V#J},
V*={F:F is closed and FC V},

where V runs over the open subsets of the space. Basic facts about this topology
can be found in the fundamental paper of Michael [9] or the recent monograph
of Klein and Thompson [7].

If X is a locally convex space then it follows rather easily from known facts
that (C(X), rv) is connected. To see this, by Theorem 2.4.4 of [7], the
hyperspace of all finite subsets of X is connected in 7v. Let us denote the set of
all such finite subsets by F(X). We claim that the convex hull operator
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conv : (F(X), 7v)—(C(X), 1v)

is continuous. We show that the inverse image of each subbasic open set is open.
First, suppose that conv({x;,...,x.})€ V" for some open subset V of X. This
means that conv ({x, ..., x,}) N V# . By the continuity of the operations in X
and since V is open, there exists for each i €{l,...,n} an open convex
neighborhood U; of x; and «; >0 with 2 a; =1 such that 2 a;z; € V whenever
z; € U, for each i. Since each U, is convex, we have

tro-oxbe] O o] o] O ol nreoccom v

so the inverse image of V™ is open in F(X). On the other hand, if
conv({x;,...,x.)E V', ie., conv({x,...,x,})CV, and for each W € & there
exists z(W)E x; + W for i =1,...,n for which

conv ({z (W), 2 W),....(WHN V#0,

then routine compactness arguments will yield conv({x,,...,x,} )N V°#J, an
impossibility. As a result there exists W € o for which

{xl,...,x,.}e[ ‘rj (x: + W)‘] n [ 91 (x; + W)]+ N F(X)Cconv (V")

so the inverse image of V™ is also open in F(X). This establishes the continuity
of the convex hull operator, and since the continuous image of a connected space
is connected, the space of convex polytopes with the Vietoris topology must be
connected. The 7, -density of the polytopes in C(X) is obvious, and we conclude
that (C(X), 1v) is connected.

Path connectedness in (C(X), 7v), on the other hand, seems rather rare, or at
least hard to determine. Each pair of compact convex sets can be joined
continuously by the straight line path between them because 7v = 74 on the
compact sets (see, e.g., page 46 of [1]). But bounded convex sets cannot in
general be so connected, even if one is a deformation retract of the other. For
example, let {e, : n € Z"} be the standard orthonormal base in ,, and let A = U,
and let B=2U, in L. Then

d(a)=cl(aUpt+(1—a)2Uy))=2—-a)U,
is not continuous with respect to the Vietoris topology at a =1 because if

Vz{":-l e,,:nEZ+]

c
»

then ¢(1)€ V™, but for each a <1, ¢(a)& V".
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